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There are no examples of higher spin wave-equations of the Gel’fand-Yaglom form based on
the representation (3/2, 5/2) ® (1/2, 5/2) @ (—1/2, 5/2) @ (=3/2, 5/2) having definite charge
and propagating causally in an external electromagnetic field.

1. Introduction

Gel'fand-Yaglom wave-equations [I, 2] are de-
scribed by the system of first order differential
equations

+ Lt igy=0, (1)
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where L, k=0, 1, 2, 3 are four matrices whose
dimension depends on the representation chosen to
describe the invariance of the equation. w is the
wave function assuming values in the same space in
which the matrices L, act. Our notation is the same
as that of Gel’fand, Minlos and Shapiro [3].

In this paper we shall be concerned with equa-
tions of the Gel'fand-Yaglom form for which the
wave function y transforms according to the 20-di-
mensionl representation with components 7, ~ (3/2,
572), 1y~ (=372, 5/2), 1y~ (1/2, 5/2), t3~ (—1/2,
5/2) interlocking according to the scheme

¢t c2 72 (,f: 7y
Te=2 0 €= 0 < 1, (2)
¢z cT2T2 chite

where ¢"% are constants linking the different com-
ponents of the representation. The maximum spin
described by a wave-equation of the Gel’'fand-
Yaglom form based on the above representation can
be 3/2. Our primary concern is to find examples of
wave-equations based on the 20-dimensional repre-
sentation (2) having definite charge and describing
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particles of spin greater than 1/2. We shall restrict
ourselves to wave equations with nondiagonalizable
matrix Ly, because it can be shown that all Gel’
fand-Yaglom wave-equations with diagonalizable
matrix L, have indefinite charge except the Dirac
equation.

2. General form of I,

To start with we need to find the matrix L,. We
use as basis for expressing IL, the canonical basis
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The elements of I, with respect to the canonical
basis have the form
"lrnrz/. I'm = C}’T/ 6//' 6mm' (4)
(cf. Ref. [3], pp. 274—280) where the numbers ¢f* are
different from zero only in the case in which the
components 7~ (/yo, /;) and '~ (/5,/}) of the rep-
resentation under which  transforms are interlock-

ing. The numbers ¢} are given by the following
formulae:
for (. 1) =+ 1,1),
=Y U+ hh+ 1) (=1, (5)
cit=c" YU+ + 1) (=1, (6)
for (5, 1)) =(o, [+ 1),
F =& YU+ LA D=1 (7)
=Y+ L+ DU 1), (®)
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where ¢ and ¢¥' are arbitrary complex numbers.
In all the other cases ¢** = ¢*'*= 0. Similar formulae
exist for the matrices IL;, L,, L;. Using (5)—(8)
and the canonical basis (3) we find that the matrix
L, with respect to this basis has the following
blocks: for /=1/2

(%) ‘i’z
To 0 g2t
Lo(/=1/2)= "\ . ; )
1, \c2%2 ()
for/=3/2
T T2 i’z f]
T [ 0 J3cum 0 0
Lo(/=3/2)=1,]}3c=n 0 2cnt 0
1 0 2 ctete 0 V§ et
# 0 0 V3cht 0 ) )

If invariance of the wave-equation with respect to
the complete group is required the following condi-
tions must be satisfied:

CTl'l’g — Ci1i2 , C'Z'ztl - Cizh , Cigrg = CTz‘fz . (10)

Furthermore let us require that the above wave-
equations be derivable from an invariant Lagran-
gian by variation. For this purpose we construct
bilinear forms consistent with the representation (2).
The condition for the existence of a bilinear form is
that each component t appears together with its
conjugate 7. This condition is satisfied for the
representation (2), and we have the following
general expression for it:

(w1, w) = > A" ST X o Fim s (11)
= (11, 11, T2, T2)
1=1/2.3/2
=32, 172, =102, ~ 312
where sj?=si?= (— 1)1 and [/] is the integer part of

/. An equivalent way of describing a bilinear form is
by means of the matrix

A= (_ l)[/]aﬂo‘ll’émm’s (12)
which in the canonical basis can be cast into block
form.

For the representation (2) we find the following
nondegenerate (i.e. det A #+0) bilinear forms
(w1, v2), which we give in terms of the constants a**
defining them:

ath=qght=]

attr=ghte=]

(13)

a"h=ght=, qRt= ghtt=_|

" (14)

1063
avhi=ghti=—1, qRt=gtt=], (15)
avhi=ghti=— 1, gite=ghtt=—], (16)

In order that a Gel'fand-Yaglom wave-equation be
derivable from an invariant Lagrangian it is neces-
sary and sufficient that the relations

Crr’ar'r"’ = (—.r"r' art"‘ (17)

be satisfied among the elements of the matrices L,
and A or equivalently the relations

ALy=L{A or AL{=ILyA
(since A’=1 and A=A"). (18)
Using these relations we find for the bilinear forms
(13)—(16) the following relations satisfied among
the elements of the matrix L, in order that the
Gel'fand-Yaglom wave-equation be derivable from
an invariant Lagrangian:

First case (Bilinear form (13))

o= (-,t'gil , (,1"1'?2 = ¢2n , (Jﬂz = ETzfz (rea]) . (]9)
Second case (Bilinear form (14))

= — Efzh , chtz= — gty ,

cte= g% (real). (20)
Third case (Bilinear form (15))

= — A2ty s Cfx‘i'z___ — ¢t

¢t =¢72% (real) . (21)
Fourth case (Bilinear form (16))
chtr=ght  chte=ghh  cRt=gR% (real). (22)

Combining these relations with the relations of in-
variance of the equation under the complete group
we find for the matrix L, which is invariant under
the complete group and derivable from an invariant
Lagrangian the blocks:
First and fourth cases:

T2 )

0 T2 T2
Lo(l= 1/2)=f( s g )
2

T T2 2 T
T) 0 Y3cum 0 0 ]

o |V3enn 0 2t 0
Lo(l=3/)=1" o 20 o V3eoe|,

‘1 0 0 3cuz 0
4] V (23)
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Second and third cases:

T, 1
i O T2
mﬂ(/=1/z)=?( ‘ ) (24)
T ¢tz ()
‘L'] T2 fz i’l
% 0 Y3cmm 0 0
Loy(/=3/2)=r1 |-)3cum 0 2cnt 0
i 0 2cute 0 -3
# 0 0 J3cnm 0

3. Charge

We study next the charge associated with the
above Gel’'fand-Yaglom wave equations. We recall
that to each wave-equation derivable from an in-
variant Lagrangian function corresponds a vector
with components

sk = (L y. w) (25)

known as the four-current vector. Its time com-
ponent

so=(Low. w) =y ALy (26)

is known as the charge density, where y* is the
complex conjugate transpose of w. (The charge is
the integral of sy over all space.) Gel'fand, Minlos
and Shapiro give the following definition for a
wave-equation to have positive charge density: The
condition for a Gel'fand-Yaglom wave-equation to
have positive charge density is that for all the eigen-
vectors y; of the matrix IL, with nonzero eigenvalue
/. the corresponding charge density g; is positive, i.e.

0;=(Loy,.yw;) >0. 27)

Likewise one can define negative charge density to
mean that s is either positive or negative.

As 1t was said earlier in this work we are looking
for examples of wave-equations describing particles
of spin greater than one half with definite charge.
These examples are characterized by a nondiagonal-
izable matrix Ly. All examples of wave-equations
with matrix L, of the form (23) are characterized
by a diagonalizable matrix since ILj in this case is
hermitian and so they give indefinite charge. Thus
the only hope we have to find examples of wave
equations with definite charge lies with case (24).
We have studied thoroughly this case and our
results are the following:

There are no examples of wave-equations de-
scribing particles of spin 3/2 based on the represen-
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tation (2) and having definite charge according to
the definition of Gel'fand, Minlos and Shapiro
given above.

If we extend this definition of definite charge to
include those cases for which certain charge den-
sities vanish without the eigenvalues being zero,
then we find the following two examples based on
the representation (2) and having constants entering
IL, connected as follows:

Example 1: ¢2%=/3¢1%¢4%, ¢u% is any complex
number,

Example 2: ¢ =— |/3¢"%2¢7%, ¢9% is any com-
plex number.

The matrix L in these examples is not diagonal-

izable with a minimal polynomial of the form

m (L) = {Loy— )/ 3cnmenn)?

ALy+ |3 cmEn )2, (28)
The charge densities in the state /= 3/2 vanish
without the eigenvalues being zero while the charge
densities in the state /= 1/2 are definite. These
examples do not satisfy the definition of Gel'fand,
Minlos and Shapiro but they can lead to an overall
charge which is definite in the state / = 1/2.

4. A Search for Causal Wave-equations

Finally we looked for examples of wave-equa-
tions based on the representation (2) and whose
matrix IL, satisfies the criterion of Amar and Dozzio
[4, 5], i.e. the minimal polynomial of L, is of the
form

k
m(Lg) =1Ly [] {(Lg)>—23"=0

i=1

(29)

(where ;= 1 and 4; ¥ 0 are the eigenvalues of Lj).
These equations according to Amar and Dozzio
propagate causally in the presence of an external
electromagnetic field.

Our results are that there are examples of wave
equations which satisfy the criterion of Amar and
Dozzio but they have either indefinite charge (i.e.
IL, is diagonalizable) or the charge cannot be
defined because I, is not derivable from an in-
variant Lagrangian. (Notice that if the charge asso-
ciated with a wave-equation is indefinite the elec-
tromagnetic field cannot be introduced into it by
minimal coupling p, = p,+ eA4,,u=0,1,2,3).
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5. Summary

Our general conclusion is that there are no ex-
amples of wave-equations for spin greater than 1/2
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